Abstract. Plasma filamentation is often encountered in collisionless shocks and inertial confinement fusion. We develop a general analytical description of the two-dimensional relativistic filamentary equilibrium and derive the conditions for existence of potential-free equilibria. A pseudopotential equation for the vectorpotential is constructed for cold and relativistic Maxwellian distributions. The role of counter-streaming is explained. We present single current sheet and periodic current sheet solutions, and analyze the equilibria with electric potential. These solutions can be used to study linear and nonlinear evolution of the relativistic filamentation instability.
Introduction
Filamentary instability studies have greatly intensified during the last decade, due to the role they are believed to play in the generation of magnetic fields (Pegoraro et al. 1996; Medvedev and Loeb 1999) and formation of shocks in essentially unmagnetized interstellar plasma penetrated by a relativistic jet ejected from a powerful source, like a gamma-ray burst (Lyubarsky and Eichler 2006; Medvedev 2007; Spitkovsky 2008; Nishikawa et al. 2009 ). Linear stage of the filamentary development has been extensively studied for various distributions of counter-streaming beams in a wide range of parameters, analytically and numerically (Pegoraro et al. 1996; Yoon 2007; Schaefer-Rolffs and Tautz 2008; Bret 2009 ). Numerous full-particle simulations have been performed to study the filament growth and merging (Silva et al. 2003; Frederiksen et al. 2004; Hededal and Nishikawa 2005; Spitkovsky 2008; Nishikawa et al. 2009 ). Yet, there were almost no attempts to analytically construct a stationary filamentary equilibrium, in a way, similar to the building of a Harris current sheet. Recently, an attempt to derive a GradShafranov-type equation for such equilibrium has been made (Mart'yanov et al. 2008) . In doing this, the authors failed to make one of their basic assumptions consistent with Maxwell equations, thus losing an important constraint, which has to be satisfied. In the present paper we develop a general analytical description for two-dimensional filamentary equilibria using the technique outlined in Balikhin and Gedalin (2008) . We show that counter-streaming is necessary for the existence of spatially periodic filamentary structure. Fine-tuning, necessary to maintain such equilibria in the presence of four species, is presented.
2D stationary filamentary structure
Let x and y be the coordinates on the 2D domain, with z being the out-of-plane direction. We consider a 2D structure of the kind B z (y) and E y (y), where B z and E y are the components of magnetic and electric fields. In principle, there may be an arbitrary number of charged particle species streaming along x and producing the fields. For all these particles, v z = 0. In what follows, c ≡ 1. In this representation the filaments are, in fact, current sheets.
If everything depends on y only, then there are three integrals of motion
and p z , where
If we express everything in terms of u = p/m and γ 2 = 1 + u 2 , the integrals of motion can be written as
(2.4) For each species s, the distribution function, should be a function of these three integrals of motion:
The current and charge density are (2.14)
As an example of a hot distribution let us consider a relativistic shifted Maxwellian (Juttner distribution), which will be extensively used throughout the paper:
It is worth mentioning that the invariant rest frame temperature is T inv =γT , wherē
In what follows, we shall consider a mixture of a cold distribution with a number of Juttner distributions (denoted by index 's'), so that 
Here β s < 1. It is worth noting that the charge and current density for Maxwell distributed particles can be written as follows:
The generally accepted approach to the analysis of nonlinear waves and structures is to derive an equation of the form
This equation can be interpreted as an equation of a particle motion in a potential. Here X is the 'pseudotime', R is the 'pseudoposition vector' and U is the 'pseudopotential'. Since (2.24) and (2.25) do not have the required structure, no 2D pseudopotential can be constructed.
Electromagnetic filaments
In this section we restrict ourselves to a special kind of solutions, φ =βA,β < 1. Physically, this means that in the frame moving with the velocityβ, there is no scalar potential. This condition is unavoidable if one of the distributions (and only one) describes particles, which are cold and, hence, move with the same speed along the current. Let these be ions moving with the velocityβ, then dp y dt
which requires E y =βB z and, therefore, φ =βA. Together with (2.11) and (2.12) this imposes the condition ρ =βj x , or
where we used β c = dϕ/dA =β and (2.14) is taken into account. Since in this case j x = j x (A), one has a pseudo-potential type of equation
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We are seeking for spatially periodic solutions. For this to occur, the pseudo-potential must have a stable minimum point. Without the loss of generality we shall calibrate the vector potential A so that dΦ/dA = 4πj x = 0 at A = 0:
Here n c (0) is the value of the cold ion density (depending on y implicitly via explicit dependence on A) in the point where the total charge density vanishes. The requirement of stability is d 2 Φ/dA 2 > 0 at A = 0, or dρ/dA > 0 at A = 0. The latter can be further rewritten as follows:
For the cold particles, (3.2) gives
and further, taking (2.10) into account 
and therefore
and we again arrive at the Harris equilibrium. The solution of this equation also describes a single current layer. In neither case we arrive at multi-layered structure. This means that backstreaming particles are necessary for a filamentary structure.
Cold ions with three hot species
Let us now consider a self-consistent solution with four species: (a) cold forward streaming ions β if = β > 0, (b) Maxwellian forward streaming electrons β ef > 0, (c) Maxwellian backstreaming ions β ib < 0 and (d) Maxwellian backstreaming electrons β eb < 0. Apparently, this is a minimal required set to allow for spatially periodic patterns (see above). Now for each Maxwellian species s = ef, eb, ib The requirement φ = βA gives ρ = βj and, therefore, We calibrate the potentials so that A = 0 ⇒ ρ = 0, which gives
In other words, the vector potential and the scalar potential are both zero in the point y, where the charge density is zero. The last relation allows qA m /T ef ӷ1 for β − β ef Ӷ 1. We also see that the temperature of the backstreaming particles is of the same order as the potential in the filament. For the visualization below, we have chosen the following normalized parameters: Figure 1 illustrates the transverse cut of the 2D filamentary structure. It is seen that the fluctuations of the density of the forward streaming cold ions are much stronger than the fluctuations of the densities of hot species. The filaments are charged positively. The densities of the cold ions are higher in the region of positive potential, while the densities of hot other species are higher in the potential well.
Four hot species
Let us now consider four Maxwellian species in an electromagnetic filament. It will be more transparent here to perform the analysis in the frame where there is no where we also applied the conditions s n s q s = 0, s n s q s β s = 0. Substituting this into (2.11) and (2.12) one gets 12) which has the solutions A, φ ∝ e iky , where
(4.13)
corresponds to the periodic filaments.
Conclusions and discussion
Two-dimensional filamentary equilibria are, in fact, periodically arranged current sheets and, therefore, could be expected to be described in a way similar to what has been done for a relativistic periodic Harris sheet structure. Indeed, the distribution functions are immediately expressed in terms of the integrals of motion, which allow to express the charge and current density as functions of the scalar and vector potential only. It is worth mentioning that, in general, the scalar potential, and, therefore, the electric field, cannot be ignored unless special conditions are imposed. In order to satisfy these conditions, the species' densities, temperatures and velocities should be fine tuned, thus reducing the number of free parameters. This means that for arbitrarily chosen initial conditions, the developed filamentary structure will not be necessarily non-potential or even stationary.
To summarize:
• A non-potential filamentary equilibrium with one cold ion distributions and three hot species is constructed and necessary conditions for such equilibrium are established.
• A non-potential filamentary equilibrium with four relativistic Maxwellian species is constructed and necessary conditions for such equilibrium are established.
• The role of the backstreaming distributions in the formation of stationary spatially periodic filamentary structure is elucidated and it is shown that at least four streaming species are necessary for the existence of non-potential filaments.
• A weak filamentary equilibrium with potential is derived for arbitrary number of Maxwellian species. Analysis of fully nonlinear filaments with electrostatic potential appears to be difficult and will be discussed elsewhere.
